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Abstract

A numerical scheme based on Sinc function was applied to an indefinite
integral with possible endpoint singularities in the integrand. The scheme
employed Sinc spaces of approximation and a variable transformation
function constructed with a composition of trigonometric functions. With this
method, the singularity in the integrand is moved to infinity allowing a
possible evaluation of the integral without consideration of the endpoint
singularity. The procedure was demonstrated with numerical examples to
justify its suitability for numerical integration over the prescribed interval of
integration. The error bound in the numerical results satisfies the established
convergence rates associated with Sinc methods with single exponential
decay with increase number of evaluation points N. Finally, the results shown
on tables and graphs validate the efficiency of the numerical scheme.
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1.0 Introduction

Numerical methods are especially useful in situations where analytical
evaluation is very difficult to obtain or the result is too unwieldy to permit
further processing for meaningful interpretation. The widespread availability
of fast and efficient computers has renewed interest in the development of
exceptionally accurate numerical methods for handling realistic problems.

One area that this interest is employed is in the integration of functions in
which the integrand may have endpoint singularities. This challenge can be
overcome by the use of variable transformation, a transformation that relates
the original (finite) interval of integration to the real line R in such a way that
the singularities are moved to infinity.

Early contributors to this discourse include Haber (1993) and Kearfott (1983)
whose work employed the tanh transformation in the strip region.
Mohammad and Mori (2003) further improved the results with use of double
exponential formula. Recently, the application of error functions has been
employed by John & George (2024) as a variable transformation function in
the approximate solution of indefinite integral.

The extension of such procedure with composite trigonometric functions is
the motivation in this research work.
The paper considers the application of the variable transformation, John et
al (2024)

b—a

xi=gll)= sin(tan‘l(t)) + #, t € (—o0, ) €Y

to the integral

fsf(x)dx,0<s<1 (2)
0

where the integrand f(x)in (2) is assumed to be analytic in x € (0, 1) except
at x = 0 or x = 1 where singularity may occur. Equation (1) is a composition
of trigonometric functions with the conditions.

¢ (=) =0, 9(0) = 0.5, p(0) = 1.
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The inverse and the derivative of (1) are
t = ¢ = (tan(sin’ (2x-1)))
d 1
an . ~cos (tan'l (t))
@)=

1+ t? )

respectively.

2.0 Materials and Methods
In this section the available tools for the implementation of the variable

transformation method for the numerical integration of (2).

2.1 Variable transformation Technique
Givena variable transformation function ¢ (f), the integral (2) becomes

s B
f FG)dx = f w(@©)dt u(®) = fF(pO)e ©), B=0"1(s).  (5)
0 —_co
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Following Mori & Mohammad (2003) and from (5), it is assumed that f(x)

satisfies
0((1+x)* Dasx »—1

f(x):{O((l—x)“‘l)asx—)l fora >0 (6)

such that for a single exponential transformation
fle@®)e (6) = 0(exp (—2(a— e)|t]))as t >+ o (7

where a is a constantand 0 < € < 1,

2.2 The Sinc Function

The function .
t sinm( -~ Jj)
S(}',h)(t):S(H—j)= 8 e kA, (8)
(=7
is known as shifted Sinc function Stenger (1993), and for t, = kh,

SG. R)(kh) = {2‘: zj
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2.3 Trapezoidal Rule

Given theintegral
g f F(u)du 9)
The trapezoidal rule approximation to (3) is given by
T, =h Z FGR), b > 0 (10)
}'= —_C0

Consequently, fort efunctionF(u) defined on the wholereal line, (—o0, ©) as

N
Fu) = z FGR)SG,M)@), u€R 1)
j=—N
thus
f Fwdu ~ Z F(jh) j SG, h)wdu = h Z FGh)  (13)
- j=—N - j=—N
From (5), (8) and (13),
B = -1 5
f w(t)dt u(t) = hz w Gh) (%+ %Si (m” - ©)_ jn)) + Ohe™ (14)
where

sint
Si(x) = f . dr. (15)

0

2.4 Convergence Theorems

Definition 2.1: Okayama et al (2011)

Let abeapositiveconstant,andletD be a bounded and simply-connected
domain which satisfies (a, b)) C D. Then La (D) denotes the family of functions f
that satisfy the following conditions: (i) f is analytic in D; (ii) there exists a
constant Csuch thatforallzin D

lf@)] < Cle@)|* (16)
where the function Q is defined by

Q@) = (z — a)(b — 2).



Approximation of indefinite integral with singularity using variable transformation method 5
|

For the implementation of the single exponential transformation in the above
Definition 2.1, the domain D considered to be theregion¢ (D)) ={z=¢ (u) :y €
D} where D,={z € C: |imu| <d} denotes a strip region of width 2d. This
gives the image of the region under consideration as,

@(D,) = {z € C: |arg(tan (sin™* (2x — 1)))| < d} (17)

Theorem 1 Stenger (1993) and Stenger (2011)

Let f € L@ (Dd) for d with 0 <d <, let N be a positive integer and let /1 be
selected by the formula

3 md
h= N (18)

then there is a constant C independent of

N
0= D FURSG, e} ()| < CVRe T - (19)

j==N

The choice of /1 is optimal and satisfies (20) based on Sugihara (2002).

max
a<x<h

Theorem 2: Kearfott (1983)

Let (fQ) € L@ (Dd) for d with 0 <d <, let N be a positive integer and let i be
selected by the formula (18), then there is a constant C independent of N, such
that

< CNZE—V'Hda:N (20)

« N
[ rodc- 1y rwamsai ey .

j=N

where
(11 (mpT'(s)
1.1 = (E’“;S‘( . -;n)).

From Theorem 1 and Theorem 2, equation (2) has the approximation,

2 N s i L L)
fof(x)dX—hZf(@Oh))<POh)(§+;S!( ; —;n))
+-0(A%exp(-dndw)). (21)




Akwapoly International Journal of Multidisciplinary Research, Vol. 1, No. 1, September 2024 6
|

3.0 Results
In this section, the formula (1) is applied to equation (2) using the following
examples:
The maximum absolute error between the exact solution and the approximate
solution at Sinc points x, is defined by | E, (h(¢p)) | withrespect to L, norm such
that: i

|[Ex(h(@)] =} —_ y — 1L—N .NN+ 1|Exact — Approx|. (22)
Numerical computations were carried out with the help of MATLAB R12
where h was chosen asin (18)

Example 3.1

1
= —arcsins.

s
1
—dx
fo vl — x? n
Example 3.1 is a modification of Haber (1993) with the integrand exhibiting
endpoint singularity at 1. For this example, d = n/2 and a = 1.

Example 3.2
Jslog 2x slog 2s
dx =
g L—% (1-s)+log(1—y5s)

The integrand in Example 3.2 exhibits endpoint singularity at s = 0 and s = 1.

Table 1: Maximum error and error ratio for Example 3.1

N H |E, (h(P)] Error Ratio

10 0.7025 |1.73x 10" 2 -

20 0.4967 |8.6x 10 3 2.01

30 0.4056 |4.4x 10 3 1.95

40 0.3512 [19x 10 3 2.32

50 0.3142 |3.1704x 10 * 5.99

Table 2: Maximum error and error ratio for Example 3.2

N H |E,(h(p))| Error Ratio

10 0.7025 |3.85 x 10 2 -

20 0.4967 |1.67x 10 2 2.31

30 0.4056 |1.13x 10 2 1.48

40 03512 |8.7x 10 3 1.30

50 0.3142 |7.2x 103 1.21
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Fig.1: Exact and approximate solution Example 3.1 at N = 10
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Fig.2: Exact and approximate solution Example 3.1 at N = 40
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Fig.3: Error against - for Example 3.1 at N = 25
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Fig.4: Exact and approximate solution Example 3.2 at N = 10
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Fig. 5: Exact and approximate solution Example 3.2 at N = 40
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Fig. 4: Error against - for Example 3.2 at N = 25
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4.0 Discussion

The focus of this paper was to demonstrate the application of composite
trigonometric function for the numerical approximation of an indefinite
integral in the region (0, s), where the integrand appears to be singular in one
or both endpoints. The properties of the variable transformation function is
clearly defined alongside the parameters required for a successful
implementation of the method.

This article employed procedures outlined in some already established
research works on single exponential Sinc approximations for numerical
integration; such as the theoretical result for optimal parameters to guide in
the choice of the step-size of the numerical scheme and the determination of
the convergence rate of the scheme.

The results of the numerical examples are shown in Tables 1 and Table 2 for
Examples 3.1 and 3.2 respectively. These results demonstrate the error decay
over the interval of integration with the increase number of evaluation (N). In
Figures 1 and 2 the plots show the comparison between the exact and
approximate solutions for N =10 and N = 40 respectively for Example 3.1 and
Figures 4 and 5 show the comparison between the exact and approximate
solutions for N =10 and N = 40 respectively for Example 3.2 respectively. The
improvement of the accuracy is seen with respect to the increase of number of
evaluations N. The behavior of the error over the interval for Example 3.1 and
Example 3.2 for N =25 areillustrated in Figure 3 and Figure 6 respectively.

In Figure 3 and Figure 6, the horizontal ranges are 0 < s <1 respectively. The
vertical range for Figure 3 ranges from - 10” to 10" and that of Figure 6 ranges
from-10°t010°

5.0 Conclusion

In this work, the numerical indefinite integration was implemented using a
composite trigonometric function as a variable transformation formula with
the help of Sinc function. The efficiency of the method as demonstrated with

numerical examples agrees with the theoretical convergence results.
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6.0 Recommendations

The method demonstrated opens up a new frontier for researchers with

interest in numerical analysis and approximation theory. Thus, the following

recommendations will help interested researchers to further contribute to this

discourse.

# The development trigonometric functions as alternatives to hyperbolic
functions for the construction of variable transformation functions.

# The method employed is based on a single exponential formula, further
studies should consider developing a double exponential formula by
improving the current for improved convergence.

7.0 Recommendation for further studies

Since the topicis topical, expansive and daring, there is a compelling need for
extensive studies. Subsequent work will seek to extend the application of the
method to other intervals, while considering alternative approaches to
convergence of the method with respect to the determination of optimal
parameters. Also, factors required for improved convergence will be studied.
An extension of the procedure for the solution of weakly singular integral
equations will also be considered.
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